Abstract. In this paper we consider integral arithmetically Buchsbaum subschemes of projective space. First we show that arithmetical Buchsbaum varieties of sufficiently large degree have maximal Castelnuovo-Mumford regularity if and only if they are divisors on a variety of minimal degree. Second we determine all varieties of minimal degree and their divisor classes which contain an integral arithmetically Buchsbaum subscheme. Third we investigate these varieties. In particular, we compute their Hilbert function, cohomology modules and (often) their graded Betti numbers and obtain an existence result for smooth arithmetically Buchsbaum varieties.
Introduction
In this paper a variety X ⊂ P n will always mean a nondegenerate integral projective subscheme over an algebraically closed field K. Let d and c denote its degree and its codimension, respectively. Then d > c. If d = c + 1, then X is said to be a variety of minimal degree.
It is well-known that varieties, which are contained in a variety V of minimal degree as subschemes of codimension one, behave often extremally with respect to various properties. For example, they have maximal geometric genus [11] . We consider these subschemes of codimension one as divisors on V .
Our first goal is to characterize the arithmetically Buchsbaum subschemes with maximal Castelnuovo-Mumford regularity as divisors on a variety of minimal degree. Recall that X is s-regular if H i (P n , J X (s − i)) = 0 for all i ≥ 1. The Castelnuovo-Mumford regularity reg X is the least such integer s. The interest in this concept stems partly from the fact that X is s-regular if and only if for every j ≥ 0 the minimal generators of the j-th syzygy module of the homogeneous ideal I(X) of X occur in degree ≤ s + j. In particular, we have m(X) ≤ reg X where m(X) denotes the maximal degree of a minimal generator of I(X). In general, it is rather difficult to prove good upper bounds for m(X) and reg X in terms of simple invariants of X. However, if X is arithmetically Cohen-Macaulay the problem is much better understood thanks to recent investigations (cf., for example, [25] , [26] , [21] , [17] (ii) m(X) = d c .
(iii) X is a divisor on a variety of minimal degree.
In case char(K) = 0 the result has been proved in [26] . The general case is due to [17] .
Since smooth rational curves with a (d−c+1)-secant have Castelnuovo-Mumford regularity d − c + 1 (cf. [9] ) one cannot hope for a generalization of the theorem to arbitrary varieties. One has to restrict himself to arithmetically Buchsbaum varieties as the following result of Stückrad and Vogel [23] indicates.
Theorem 1.2. If X is an arithmetically Buchsbaum variety, then
This is the same bound as in Theorem 1.1. Strictly speaking it is proved in [23] with the additional assumption that charK = 0. We show that this assumption can be removed. Furthermore, we prove that equality in the estimate of Theorem 1.2 holds if X is a divisor on a variety of minimal degree and that the estimate can be improved otherwise (cf. Proposition 4.3). As a consequence we obtain. (c) X is a divisor on a variety of minimal degree. However, simple examples show that the latter estimate is not true for every arithmetically Buchsbaum variety X. Nevertheless it is very natural to ask if it were true provided the variety has sufficiently large degree. In order to answer this question much more detailed information on the corresponding varieties is necessary. According to Theorem 1.3 we have to study arithmetically Buchsbaum divisors on a variety V of minimal degree. Recall that a variety of minimal degree is either a rational normal scroll, a cone over a quadric hypersurface of rank ≥ 5 or a cone over the Veronese surface in P 5 . A modern exposition of this famous classification result can be found in [6] . Using this classification it turns out that on a variety V of minimal degree an integral arithmetically Buchsbaum divisor, which is not arithmetically Cohen-Macaulay, does exist only in the case that V is a rational normal scroll.
A rational normal scroll S ⊂ P n of dimension k + 1 and degree c = n − k is up to projective equivalence uniquely determined by a sequence of integers (a 0 , . . . , a k ) where 0 ≤ a 0 ≤ . . . ≤ a k and a 0 + . . . + a k = c (cf. Section 5). We write S = S(a 0 , . . . , a k ). The divisor class group of S is freely generated by the hyperplane section H and a linear subspace F ⊂ S of dimension k.
A starting point of our investigations of divisors on scrolls is the following wellknown result: An integral space curve C, which is a divisor of type (a, b) on a smooth quadric S ⊂ P 3 , is arithmetically Buchsbaum but not arithmetically CohenMacaulay if and only if |a − b| = 2. Here S is just the scroll S(1, 1). Thus this statement is a very special case of our main result. It describes the scrolls and divisor classes which contain arithmetically Buchsbaum varieties. Theorem 1.4. Let X ⊂ P n be a Cohen-Macaulay variety being a divisor on a rational surface scroll S(a 0 , . . . , a k ).
Then X is arithmetically Buchsbaum but not arithmetically Cohen-Macaulay if and only if either
F and a i ≥ p for all i = 0, . . . , k. Moreover, there is a smooth arithmetically Buchsbaum variety in any of these divisor classes.
In particular, it turns out that a singular rational normal scroll does not contain arithmetically Buchsbaum divisors which are not arithmetically Cohen-Macaulay. We also compute the Hilbert function and the cohomology of the divisors mentioned in the theorem above and obtain information on the minimal free graded resolution of their defining ideal.
As a consequence of our considerations we conclude that there are triples (d, c, k) for which there is no corresponding arithmetically Buchsbaum variety, which is not arithmetically Cohen-Macaulay but a divisor on a scroll. This is in contrast to the case of arithmetically Cohen-Macaulay varieties. The precise existence result is as follows. (a) There is an arithmetically Buchsbaum variety X ⊂ P c+k of degree d, codimension c and dimension k being a divisor on a rational normal scroll but not arithmetically Cohen-Macaulay. (b) There is a smooth variety having the properties described in (a).
, then we are able to determine all graded Betti numbers of such an arithmetically Buchsbaum variety. In particular, it turns out that in this case we have m(X) = d c + 1. That is, we cannot hope for an analogue of Theorem 1.1,(b) for arithmetically Buchsbaum varieties just by requiring that the degree is large enough. However, there is a good deal of information on the varieties for which the estimate fails.
The paper is organized as follows. In Section 2 we compute the graded Betti numbers of reduced arithmetically Cohen-Macaulay divisors on a variety of minimal degree (cf. Theorem 2.4). Moreover, we show that integral (locally) CohenMacaulay divisors on a quadric of rank ≥ 5 and on a cone over the Veronese surface are arithmetically Cohen-Macaulay (cf. Proposition 2.9); thus we know their graded Betti numbers. In Section 3 we show a lifting result which yields that an integral variety must be a divisor on a variety of minimal degree if its general hyperplane section has this property (cf. Proposition 3.3). Combined with Theorem 2.4 it implies preliminary information on the cohomology modules of reduced arithmetically Buchsbaum divisors on a variety of minimal degree (cf. Proposition 3.6). Section 4 is devoted to Castelnuovo bounds. It contains the proof of Theorem 1.3. In the final section we put together techniques of [11] and our previous results in order to study divisors on rational normal scrolls. First we derive necessary conditions for the possible divisor classes which contain arithmetically Buchsbaum varieties (cf. Lemma 5.6) and then also for the scrolls. Here, in particular the results on the cohomology of Section 3 play a crucial role. Second we show that the necessary conditions are also sufficient. The main result is Theorem 5.10. It covers Theorem 1.4 and contains in addition results on the cohomology and Betti numbers of the considered varieties. Moreover, it implies Theorem 1.5 rather quickly.
For background information concerning arithmetically Buchsbaum schemes we refer to the monograph [24] . Throughout this paper R will denote the polynomial ring K[x 0 , . . . , x n ] and m = (x 0 , . . . , x n ) its maximal homogeneous ideal. Moreover we always assume that the subscheme X ⊂ P n has codimension c ≥ 2. This is not a restriction of generality because the results are trivial if X has codimension 1.
Arithmetically Cohen-Macaulay divisors on a variety of minimal degree
A starting point for the investigations of arithmetically Buchsbaum varieties in this paper are the corresponding results for arithmetically Cohen-Macaulay varieties which have been obtained recently. A sample result is the following (cf. [25] , [21] ). Theorem 2.1. Let X be an arithmetically Cohen-Macaulay variety. Suppose
2 , then the following conditions are equivalent:
(c) X is a divisor on a variety of minimal degree.
Varieties satisfying the conditions of the theorem exist in abundance. For example, any smooth Castelnuovo variety will do. In this section we compute the graded Betti numbers of these varieties. Then we discuss the range of applications of this result.
We begin by studying the resolution of a finite subscheme X ⊂ P n in linearly general position lying on a rational normal curve where deg X > 2n. In case deg X ≤ 2n + 1 this has already been done in [19] , Proposition 2.3.
Recall that a finite subscheme Z ⊂ P n is said to be in linearly general position if for any proper linear subspace N of P n we have
Proposition 2.2. Let X be a finite subscheme in linearly general position lying on a rational normal curve of P n . Suppose deg X > 2n. Then the homogeneous ideal of X has a minimal free graded resolution of the following form:
Proof. Since X is in linearly general position, we get by [5] , Theorem 3.2 for the Hilbert function of X that h X (j) ≥ min{d, jn + 1} if j ≥ 0. Let V be the rational normal curve containing X. Then h X (j) ≤ h V (j) = jn + 1 if j ≥ 0. It follows h X (j) = min{d, jn + 1}. Moreover, we get for the Hilbert function of
In particular, we have h M (t) = p. Since M is torsion-free as R/I(V )-module [7] , Theorem 1.1 gives
Let us consider the exact sequence
The resolution of a rational normal curve is well-known. In particular, we have (cf., for example, [19] , Lemma 2.2)
if j = i + 2 and 0 ≤ i ≤ n − 2, 0 o t h e r w i s e .
By assumption we have t ≥ 3. Therefore, the exact sequence ( * ) implies for i ≥ 0
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From the Hilbert function of X we see that reg X ≤ t + 1 and therefore [Tor R i (K, I(X))] j = 0 if j ≥ i + t + 2 (cf., for example, [19] , Corollary 1.4). Hence, we obtain [Tor
Thus, the claim is shown if we have computed
To this end we want to use Hilbert series. Let Q be a finitely generated graded R-module and let Z be an indeterminate. Let us denote the Hilbert function of Q by h Q . Then the Hilbert series of Q is defined as H(Q, Z) = j≥0 h Q (j)Z j . Let h : Z → Z be a numerical function. The first difference function ∆h is defined by ∆h(j) = h(j) − h(j − 1). For a non-negative integer s we define ∆ s h by
If Q is a module of dimension r, then it is well-known and easy to see that
where the sum in the numerator is in fact finite. Hence, the Hilbert series of R(−e)
Let us come back to the computation of the Betti numbers of M . We already know that M has a minimal free graded resolution of the form
Thus, using the additivity of rank K on exact sequences we get
where we define β n+1 = γ 0 = 0. Due to the result above on the Hilbert function of M we obtain
It follows
Comparing coefficients gives
and thus
By (+) we know that β j = 0 if j ≥ p + 1. If follows
In particular, we get γ p = 0. Since M is Cohen-Macaulay this implies γ 1 = . . . = γ p−1 = 0. Hence, we obtain β j = p n j−1 − n n−1 j−2 if 1 ≤ j ≤ p and the proof is completed.
Remark 2.3. (i)
An alternative way to obtain the graded Betti numbers of divisors on a rational curve is indicated in the exercises A2.21 and A3.30 of [3] . It applies to arithmetically Cohen-Macaulay divisors on a rational normal scroll. We have chosen the approach described in the proof above in order to introduce the method which also applies to arithmetically Buchsbaum divisors (cf. Theorem 5.10).
(ii) Still another approach to Proposition 2.2 is due to Lvovski. But his method gives the result only if 1 ≤ p ≤ 3 (cf. [15] , Propositions 6.1, 6.2 and 6.4).
Using hyperplane sections we can extend our last result in order to treat higherdimensional subschemes.
Theorem 2.4. Let X ⊂ P n be a reduced arithmetically Cohen-Macaulay subscheme of degree d > c = codim X. Suppose X is a divisor on a variety of minimal degree. Then the minimal free resolution of the homogeneous coordinate ring A of X has the following shape:
where
Proof. Let L c ⊂ P n be a general linear subspace of dimension c and let Y = X ∩L c . Since X is arithmetically Cohen-Macaulay, the graded Betti numbers of X ⊂ P 
Hence the assertion follows by [19] , Proposition 2.3 and some manipulation of the formulas given there.
We want to point out two applications of the theorem. Recall that the geometric genus p g (X) of a variety X ⊂ P n satisfies
where N and ε are defined by d − 1 = N c + ε whereby 0 ≤ ε < c. This estimation has been shown by Harris [11] in characteristic zero and by Ballico [1] in positive characteristic. If d = deg X ≥ (n − c)c + 2 and the geometric genus of X achieves the bound, then X is called a Castelnuovo variety. We have just computed the graded Betti numbers of smooth Castelnuovo varieties.
Corollary 2.5. Let X ⊂ P n be a smooth Castelnuovo variety. Then the resolution of X if of the form as described in Theorem 2.4.
Proof. Theorem 2.4 applies to X by [17] , Theorem 4.5.
Another consequence of our theorem is that in case X is a reduced subscheme being a divisor on a variety of minimal degree we can decide whether X is arithmetically Cohen-Macaulay if we just know the degrees of the defining equations of X. Corollary 2.6. Let X ⊂ P n be a reduced subscheme of positive dimension and of degree d > c. Write d = tc + 1 − p where 1 ≤ p ≤ c. Suppose X is a divisor on a variety of minimal degree. Then X is arithmetically Cohen-Macaulay if and only if its homogeneous ideal is generated by
quadrics and p forms of degree t and is generated by
Proof. If X is arithmetically Cohen-Macaulay, the claim is shown in Theorem 2.4. In order to prove the converse let us assume that f = depth A ≤ k = dim X where A is the homogeneous coordinate ring of X. We have to show that I(X) has a different set of minimal generators as the one described in the statement.
n be a flag of general linear subspaces where L j has dimension n−j and is defined by linear forms
be the homogeneous coordinate ring of X j ⊂ L j . Since A has depth f , the Betti numbers of A and A (f −1) coincide. In particular, we have
) is finitely generated, Nakayama's lemma provides
Applying the same reasoning to X f , . . . , X k−1 we see that there is an integer b such that
But X k is a set of d points on a rational normal curve. Therefore, we know the minimal free resolution of I(X k ) by Proposition 2.2. It follows that the inequality above contradicts the assumption on the minimal generators of I(X) and we are done.
Remark 2.7. Let us consider the statement above in case codim X = 2. It provides: If X has even degree, then X is arithmetically Cohen-Macaulay if and only if X is a complete intersection. If X has odd degree, then X is not a complete intersection but a quasi-complete intersection, i.e., cut out by three hypersurfaces. Note that as a consequence of the syzygy theorem of Evans and Griffith a smooth variety X ⊂ P n of codimension 2 where n ≥ 6 is projectively normal if and only if it is a complete intersection [8] , Theorem 2.3.
According to [6] a variety V ⊂ P n of minimal degree is either a rational normal scroll, a quadric of rank ≥ 5 or a cone over the Veronese surface W ⊂ P 5 . Hereby the Veronese surface is considered as a cone over itself. We want to show that smooth integral non-arithmetically divisors on V exist only if V is a rational normal scroll. To this end we recall the following result of Huneke and Ulrich [14] .
Lemma 2.8. Let X ⊂ P n be a Cohen-Macaulay subscheme of pure dimension ≥ 2. Then the general hyperplane section of X is arithmetically Cohen-Macaulay if and only if X is arithmetically Cohen-Macaulay.
This result is used to show Proposition 2.9. Let X ⊂ P n be subscheme that is either (i) an integral divisor on a quadric Q of rank ≥ 5 or (ii) a Cohen-Macaulay divisor on a cone over the Veronese surface W ⊂ P 5 .
Then X is arithmetically Cohen-Macaulay.
Proof. First suppose that X satisfies (i). Then the claim is a consequence of Klein's theorem which can be shown as follows according to Hartshorne: The divisor class group of Q is generated by the class of the hyperplane section of Q (cf. [13] , Ex. II.6.5). Therefore the homogeneous coordinate ring B of Q is a factorial domain (cf. [13] , Ex. II.6.3). Since I(X)B is a prime ideal in B, it is a principal ideal gB where g is a form defining a hypersurface G ⊂ P n . Hence X is the complete intersection G ∩ Q.
In order to show the claim if X satisfies (ii) we induct on the dimension of X. If X is a curve on W , then X is arithmetically Cohen-Macaulay since W is the image of the second Veronese map of P 2 in P 5 . Now let X be a divisor on a cone V over W of dimension > 1. Then the general hyperplane section X ∩ L of X is a divisor on the general hyperplane section of V which is again a cone over W . Hence X ∩ L is arithmetically Cohen-Macaulay by induction and the claim follows by Lemma 2.8.
Subschemes of a variety of minimal degree
If X is an effective divisor on a variety V of minimal degree, then this is also true for its general hyperplane section. In this section we want to show the converse of this statement under the assumption that X is reduced and its degree is not too small. Finally we give a cohomological characterization of arithmetically Buchsbaum divisors on a variety of minimal degree which will serve as the starting point for the more precise results proved later on.
We need some preparations. X ⊂ P n will denote a subscheme of degree d and codimension c which is not even assumed to be equidimensional. Lemma 3.1. Let X be a subscheme contained in a variety V of minimal degree and codimension c − 1. If X has degree d > 2c, then its homogeneous ideal is generated by quadrics and forms of degree ≥ d c . Moreover, the quadrics containing X cut out V .
Proof. Let F be a hypersurface of degree s containing X which does not contain V . Then V ∩ F is a subscheme of codimension c and degree sc containing X. It follows d ≤ sc proving the claim.
Let M be an R-module. Its socle soc(M ) is the set of elements of M which are annihilated by the maximal ideal m = (x 0 , . . . , x n ).
Lemma 3.2.
Suppose that X is a nondegenerate subscheme contained in a variety V of minimal degree c. Let f = depth A where A = R/I(X) and put
be a minimal free graded resolution of A where F i = j R(−e i,j ). First we want to show
This is trivial if t = 2 because by assumption I(X) does not contain a form of degree one. Thus we may assume t ≥ 3. Next, we note that [Tor
Thus we obtain [Tor
because we know by Lemma 3.1 that [I(X)/I(V )] j = 0 if j < t.
The exact sequence 0 → I(V ) → I(X) → I(X)/I(V ) → 0 provides the following piece of a long exact sequence:
Since V is arithmetically Cohen-Macaulay, the resolution of V has length c − 2. Hence, the left-hand side of the exact sequence above vanishes. Therefore (+) implies [Tor
which is equivalent to min{e c,j } ≥ c + t − 1. Since the resolution of A above was chosen to be minimal, we get min{e n−f +1,j } ≥ n − f + t as desired. Now, dualizing the resolution of A above we obtain the exact sequence
This is the beginning of a minimal free resolution of Ext
Therefore we get the following chain of isomorphisms using duality:
Now we are ready for a more general version of the announced "lifting" result. Proposition 3.3. Let X ⊂ P n be a subscheme without zero-dimensional components. Suppose that X has degree > 3c and assume that K has characteristic zero. Then X is contained in a variety V ⊂ P n of minimal degree c if and only if its general hyperplane section X ∩ L is contained in a variety W ⊂ L ∼ = P n−1 of minimal degree c. In this case we have W = V ∩ L. The assumption that the characteristic of the field K is zero was only necessary in order to allow the application of the Socle lemma of [14] in the proof above. We do not need this if X is arithmetically Buchsbaum.
Lemma 3.4. If we drop in Proposition
Proof. Let A be the homogeneous coordinate ring of X. Let l be a general linear form defining the hyperplane L ⊂ P n . Since A is Buchsbaum, we have an exact sequence The next result shows that the cohomology of effective arithmetically Buchsbaum divisors on a variety of minimal degree is particularly simple. It will be strengthened later on but is needed as an ingredient to achieve this improvement. Proposition 3.6. Let X ⊂ P n be a reduced positive-dimensional subscheme where t = d c ≥ 2. Suppose X is a divisor on a variety of minimal degree. Then X is arithmetically Buchsbaum if and only if H i (J X (j)) = 0 if j = t − i and
Proof. Let A = R/I(X) be the homogeneous coordinate ring of X. Then the isomorphisms H i m (A) ∼ = H i * (J X ) (1 ≤ i < n) and Proposition I.3.10 in [24] show that the cohomological conditions above imply the Buchsbaum property of X.
In order to show the converse we induct on the dimension k of X. If X is a curve, the claim follows by Lemma 3. 
Castelnuovo bounds
The goal of this section is to characterize the arithmetically Buchsbaum varieties which achieve the regularity bound of Stückrad and Vogel [23] .
The first observation shows that it is useful to consider hyperplane sections in order to derive bounds for the regularity of an arithmetically Buchsbaum scheme. It follows from [23] , Lemma 2 (cf. also [20] , Proposition 4.2). Lemma 4.1. Let X ⊂ P n be an arithmetically Buchsbaum subscheme of positive dimension. Let L be a general hyperplane of P n . Then it holds
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We wish to use this result in the following way: Let L c ⊂ P n be a general linear subspace of dimension c = codim We keep the notation just introduced throughout the rest of this section. A first application of the strategy above yields: Lemma 4.2. Let X ⊂ P n be an effective reduced arithmetically Buchsbaum divisor on a variety of minimal degree c. Then (a)
If X is not a divisor on a variety of minimal degree, then
Proof. Applying the strategy described above we have to look at the Hilbert function of Y . According to [1] , Theorem 0.1 it satisfies for j ≥ 0
This implies the first claim. The second claim is a consequence of the following estimation if j ≥ 0:
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In order to see this note that Y does not lie on a rational normal curve due to Lemma 3.4. Thus the inequality above follows as in the proof of [17] , Proposition 4.2 because in case of char(K) = 0 the Uniform position lemma in [10] and [12] , Proposition 3.20 apply.
Claim (a) of the proposition above under the additional assumption char(K) = 0 is one of the main results of [23] . Claim (b) is new.
In the second claim of the statement above the case c = 2 was excluded because then we have a weaker bound only.
Lemma 4.4. Let X ⊂ P n be an integral arithmetically Buchsbaum scheme of codimension 2 which is not a divisor on a variety of minimal degree. Suppose that the field K has characteristic zero. Then
In particular, reg X ≤ 
(ii) By inspection of
we may conclude that our last theorem allows at most two possibilities for m(X).
If we compare the statement with Theorem 2.1, the question arises if it is possible to replace condition (b) in Theorem 4.5 by m(X) = d c . An answer will be given in the next section. It requires a detailed study of the varieties to which Theorem 4.5 applies.
Arithmetically Buchsbaum divisors on rational normal scrolls
The aim of this section is to derive a characterization of reduced arithmetically Buchsbaum subschemes which are divisors on a rational normal scroll. We also establish an existence result for these effective divisors and compute their Hilbert function, cohomology and often all graded Betti numbers.
First we give a description of scrolls following [5] and [11] . Let E = k i=0 O P 1 (a i ) be a vector bundle on P 1 where 0 ≤ a 0 ≤ . . . ≤ a k and a k > 0. E is generated by k + 1 + a i global sections. Write P(E) for the projectivized vector bundle
and let O P(E) (1) be the tautological line bundle. Then O P(E) (1) is generated by its global sections and defines a birational map
We write S(E) or S(a 0 , . . . , a k ) for the image of this map. It is a variety of dimension k + 1 and minimal degree c = a i . A rational normal scroll is one of the varieties S(E). The divisor class group of S = S(E) is generated by the hyperplane section H and a linear subspace F ⊂ S of dimension k. We will use the notation just introduced throughout the whole section. We need several technical results.
Lemma 5.1. (a) The canonical class of S is
(b) For any integers a, b we have
(c) If a and b are non-negative then
Proof. Claim (a) is the lemma on page 55 in [11] . According to [11] or [6] 
which proves (b). Now suppose that a ≥ 0 and b ≥ 0. Then
Denote by n k+1 (t) the number of (k+ 1)-tuples (j 0 , . . . , j k ) of non-negative integers with j 0 + . . .+j k = t. Then it is easy to see by induction on k that n k+1 (t) = t+k k . Moreover, we observe that the sum above does not change if we replace an a i > 0 by a i − 1 and an a j (j = i) by a j + 1. Using c = a 0 + . . . + a k it follows
where the formula needed to prove the last equality is easily shown by induction on a.
The third claim of the lemma above shows in particular that the cohomology of effective divisors on S = S(a 0 , . . . , a k ) depends only on its class and the degree and dimension of S and does not depend on the specific a i 's.
For later purpose we recall the following result of Serre [22] .
Lemma 5.2. Let Z ⊂ P n be a projective subscheme. Then it holds for all integers j
Next we want to use Proposition 3.6 in order to derive a characterization of arithmetically Buchsbaum divisors which allows induction on the dimension. Lemma 5.3. Let X ⊂ P n be an effective reduced divisor on a variety of minimal degree. Suppose k = dim X ≥ 1 and d = deg X > c = n − k. Then X is arithmetically Buchsbaum if and only if (a) X is (locally) Cohen-Macaulay and (b) the general hyperplane section of X is arithmetically Buchsbaum and
Proof. Suppose X is arithmetically Buchsbaum. Then it is well-known that X satisfies (a) and (b). It remains to show (c). Due to Lemma 5.2 we have
According to Proposition 3.6 we already know that H i * (J X ) is concentrated in degree t − i if 1 ≤ i ≤ k. Hence, the right-hand side of the equality above vanishes if j = t or j = t − k − 1 proving (c).
In order to show the sufficiency of the conditions (a)-(c) consider a general hyperplane L. We have exact sequences
Due to (b) we may apply Proposition 3.6 and obtain that H
Therefore the exact sequences above imply 
That's why the exact sequences
Using condition (c) with j = t it follows H 1 (J X (t)) = 0. Hence X is t-regular and we get that also H 1 * (J X ) is concentrated in degree t − 1. Therefore Proposition 3.6 shows that X is arithmetically Buchsbaum.
In order to derive necessary conditions for the property of being an arithmetically Buchsbaum divisor on a rational normal scroll we need some more preparations.
Lemma 5.4. Let V ⊂ P n be a variety of minimal degree c. Let
Proof. Claims (a) and (b) are probably well-known. In any case they follow easily by induction on k using the fact that V is arithmetically Cohen-Macaulay. This property also implies by Lemma 5.
From now on we will always assume that S ⊂ P n is a rational normal scroll of dimension k + 1 where 2 ≤ k + 1 < n.
Lemma 5.5. Let X ⊂ P n be a reduced Cohen-Macaulay subscheme of codimension c being a divisor on a rational normal scroll S. Then
Proof. Consider the exact sequence
Since S is arithmetically Cohen-Macaulay, the induced long exact cohomology sequence yields exact sequences
proving (a) and (c).
The assumptions on X imply h i (J X (j)) = 0 for all j 0 if 0 < i ≤ k. Hence, Lemma 5.2 provides
Thus, claim (b) follows using (c) and Lemma 5.4, (c).
Suppose for the time being that X is a curve. Then we denote by g X its arithmetic genus. We define
where as before d = tc + 1 − p with 1 ≤ p ≤ c = n − 1 . Note that π(d, n) is the maximal genus of an integral curve in P n of degree d (cf., for example, [12] ). The next result sorts out the divisor classes on a rational normal scroll which we have to study more carefully. Lemma 5.6. Let X ⊂ P n be a reduced curve lying on a rational normal surface. Let X ∼ αH + βF . If X is arithmetically Buchsbaum, then α = t + 1 and 1 − 
In order to see this we note that the general hyperplane section Z of X lies on a rational normal curve. It follows π(d, n) = j≥1 (d − h Z (j)). Hence, the claim is a consequence of the equality ( * ) in the proof of Theorem 6 in [21] .
(II) Next, we want to show that the arithmetic genus of X is
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We distinguish two cases. First assume β ≤ 0. Then we get by Lemma 5.1
Since the last expression is a polynomial in j, Lemma 5.5,(a) implies
proving the claim. Suppose now β > 0. Then Serre duality and Lemma 5.1 provide
The last expression is a polynomial in j. Hence Lemma 5.5,(b) gives
completing step (II).
(III) Since d = tc + 1 − p = αc + β, we may write α = t − s and β = sc + 1 − p for some integer s. Then we get
According to step (I) and Proposition 3.6 this implies
It follows: If s < −1, then h 1 (J X (t − 1)) > p contradicting Lemma 3.5. If s > 1, then h 1 (J X (t − 1)) > c − p contradicting Lemma 3.5, too. If s = −1, then Lemma 3.5 yields p ≤ min{p, c − p}; thus 1 ≤ p ≤ Using the computations above, Lemma 5.5 and Lemma 5.4 we see that for j = t ( * ) reads as
According to Lemma 5.1 we obtain
where equality holds if and only if max{0, p−c+a i } = p−c+a i for all i. Therefore ( * ) is satisfied in case j = t if and only if a i ≥ c − p for all i = 0, . . . , k proving the first claim.
In this case we get
as in the proof of Lemma 5.1. The difficulty p − c − 1 < 0 does not matter because
Hence, the computations above and Lemma 5.5, (a) provide our third claim and
o t h e r w i s e .
The last claim follows.
Lemma 5.9. Let X ⊂ P n be a reduced Cohen-Macaulay subscheme being a divisor on a rational normal scroll S = S(a 0 , . . . , a k ). Suppose d > c and X ∼ (t + 1)H + (1 − c − p)F . Then X is arithmetically Buchsbaum if and only if a i ≥ p for all i = 0, . . . , k.
In this case
Proof. As in the proof of Lemma 5.8 we see that X is arithmetically Buchsbaum if and only if the condition ( * ) given in the proof of Lemma 5.8 holds true if j = t and if j = t − k − 1. In order to check this we compute using Lemma 5.1
Then Lemma 5.5, (a) gives
proving the second and third claim. Due to Lemma 5.1 and Lemma 5.5, (c) we obtain h k+1 (J X (t)) = 0. Hence, condition ( * ) given in the proof of Lemma 5.8 is satisfied if j = t. Using the computations above and Lemma 5.5 and Lemma 5.4 this condition ( * ) reads for
Lemma 5.1 yields
where equality holds if and only if max{0, p − c + a i } = a i − p for all i. Hence, ( * ) is satisfied in case j = t − k − 1 if and only if a i ≥ p for all i = 0, . . . , k proving the first claim. Under this assumption we obtain as in the proof of Lemma 5.8
Hence, the assumptions above and Lemma 5.5, (c) provide
The main difference in the proofs of the previous two results occurs in the computation of the Hilbert polynomial of X. It was crucial to keep the calculations independent of the numbers a i , specifying our scroll S, as long as possible. Now we are ready to prove the main result of this paper. 
Moreover, there is a smooth arithmetically Buchsbaum variety in any of these divisor classes. Furthermore, in case (i)
and the homogeneous coordinate ring of X has a minimal free graded resolution of the following form:
and
In case (ii) we obtain Proof. Let X ∼ αH + βF . Denote the general (n − k + 1)-section of X, H, F, S by X , H , F and S , respectively. Then X is a divisor on the surface scroll S and X ∼ αH + βF . Therefore where σ j0,... ,j k ∈ H 0 (P 1 , O P 1 (j 0 a 0 + . . . + j k a k + β)). In our situation we may write α = t − s and β = 1 − p + sc where s ∈ {1, −1}. The assumptions ensure that j 0 a 0 +. . .+j k a k +β > 0 if j 0 +. . .+j k = α. Hence, for any multi-index J = j 0 , . . . , j k the value of the corresponding coefficient function σ J may be prescribed at any given value z. Therefore the linear system |αH + βF | cuts out the subsystem |O P k (α)| on each k-plane P(E) z of S ∼ = P(E). Thus |αH + βF | has no base points and the generic element of |αH + βF | will be smooth and irreducible.
Next, we want to compute the cohomology. In the first case we get by combining Lemma 5.2 and Lemma 5.9 that
Therefore, the claim is a consequence of Proposition 3.6. In the second case the assertion on the cohomology follows similarly using Lemma 5.8. In order to get information on the graded Betti numbers of X we use the method developed in the proof of Proposition 2.2. The claims on the length of the resolution follow by the Auslander-Buchsbaum formula and the cohomological characterization of depth. Now put M = I(X)/I(S) and consider the exact sequence 
